Abstract. A surprising connection between elliptic curves over finite fields and homotopy theory has been discovered by Hopkins. In this note we will follow this development for the prime 2 and discuss the homotopy which developed from this.
Introduction
The path which we wish to follow begins with elliptic curves over finite fields and in particular over F 4 . From such a curve we get a formal group which will have height 2. The Lubin-Tate deformation theory constructs a formal group over the ring W F 4 [[a] ][u, u −1 ]. It can be shown that this ring is the homotopy of a spectrum, E 2 , which is MU orientable. The group of automorphisms of the formal group over F 4 acts on this ring. The HopkinsMiller theory constructs a lift of this action to an action on the spectrum E 2 . This group is a profinite group, called the Morava stabilizer group S 2 . There is a finite subgroup G of S 2 of order 24 which is the automorphism group of the elliptic curve. This finite group acts on E 2 and we define EO 2 = E hG 2 . It is the torsion homotopy of this spectrum which illuminates much of the homotopy of spheres in the known range.
We begin with the curve, x 3 + y 2 + y = 0 in P 2 (F 4 ). In the elliptic curve literature this is called a supersingular curve. It is non-singular and has one point on the line at infinity. If we represent F 4 as the set {0, 1, ρ, ρ 2 } where 1 + ρ + ρ 2 = 0, then the solution set in the affine plane consists of eight points. If x = 0 then y = 0 or 1. If x ∈ F 4 + then y = ρ i for i = 1, 2. The group of the elliptic curve is F 3 ⊕ F 3 .
The group of affine transformations of It is easy to verify that this group G has order 24 and is SL(F 3 , 2). If we include the Galois action we get a Z/2 extension of this group. Let G 16 be the 2 primary part. We have the following result, which is well known. It will illuminate the latter calculations. Theorem 1.1. If we suppress the topological degree, then H * (G 16 , Z/2) Ext * A(1) (Z/2, Z/2). Our program will be to construct a formal group from the group of this elliptic curve. Then G will be a group of automorphisms of this formal group. We will lift the curve to the ring W F 4 [[a]] as y 2 + a xy + y = x 3 .
We can lift G as a group of automorphisms of this curve. Then the formal group associated to this curve will be the universal formal group given by the Lubin-Tate theory. The E 2 term of the Adams-Novikov spectral sequence to calculate EO 2 * will be H * (G; W F 4 [[a] ][u, u −1 ]) Gal .
The formal group
The material of this section is standard. We will include it for completeness for the homotopy theory reader who might not be familiar with the algebraic theory of elliptic curves.
The formal group constructed from an elliptic curve is constructed by resolving the multiplication on the curve around the point at infinity which is taken as the unit of the group. First we construct a parametric represention in terms of an uniformizer at infinity. Let
Then the equation of the curve becomes w = z 3 + w 2 . We have not noted signs since we are working over F 4 .
Proposition 2.1. (i) w(z) = Σ i≥0 z 3 2 i .
(ii) x(z) = z/w(z) = z −2 + z + z 4 + z 10 + · · · (iii) y(z) = 1/w(z) = z −3 + 1 + z 3 + z 9 + · · · This is an easy calculation. At this point one can follow the discussion in Silverman [14] page 114. This discussion is considerably simplified by the fact that the field has characteristic 2. This gives the following result. Proposition 2.2. The formal group constructed from the elliptic curve,x 3 + y 2 + y = 0 over F 4 has as the first few terms
The next term has degree 22. This is a formal group of height 2 and the 2-series is z 4 (Σ i≥0 z 12(2 i −1) ).
Next we want to lift this formal group to a formal group over the ring
] which gives the above curve under the quotient map to F 4 . We will do this by just lifting the elliptic curve. The formal group is then constructed in the usual way as is done in [14] . The equation of the lifted curve is
We want to lift our group as a group of affine transformations which leave the curve alone. Thus we want to make the substitutions
In order to preserve the curve we require that the coefficient of x 2 , x, and the constant term all be zero. This gives 3r = s 2 + s a (2.10)
The group G is generated by α ∈ F 4 + and a pair (β, γ) which satisfies the equation β 3 + γ + γ 2 = 0. We can take two generators, α = ρ, (β, γ) = (0, 0) and α = 1, (β, γ) = (1, ρ) and lift these. The rest of group will be various products of these. It is clear how to lift the first. We will concentrate on the second. We want to find infinite series for r, s and t which reduce to 1, 1, and ρ modulo the maximum ideal. We begin with these equations and successively substitute into the above equations giving r(a) = (1/3)(1 + a) (2.13)
Each time we substitute the formula for the classes on the right hand side from the formulas above. After each process we have correct liftings modulo the maximum ideal raised to one higher power. That this works is just Hensel's Lemma. Compare [14] , page 112.
What we have constructed is a map
. This is the beginning of a co-simplical complex
is the only additional part to add. That defines a → a + 2s (2.19)
The homology of this co-simplical complex is the E 2 term of the AdamsNovikov spectral sequence to calculate the homotopy of the Hopkins-Miller spectrum EO 2 . We will do this calculation in several ways but the key will be to show that it is something which is already known.
The elliptic curve Hopf algebroid
The Weierstrass form of an elliptic curve is usually written
A change of coordinates does not change the curve and so substituting
gives us the same curve. The coefficients transfer according to the following table. (Compare [14] .)
These formulas are very suggestive of the structure formulas which result from MU * resolutions. Indeed, we can take these formulas to be the definition of η R and get a Hopf algebroid
The two maps from A → Λ are the inclusion and the one given by the table above. In books such as [14] the classes c 4 and c 6 are usually given and they represent classes in the homology in dimension zero of the simplical complex constructed from the above Hopf algebroid. The formulas for them are One of our questions is the computation of the rest of this chain complex. We will do this by getting another interpretation of the chain complex. For this interpretation we will have a complete calculation. Before we do this we want to connect this resolution with the Lubin-Tate theory.
In section 2 we consider the elliptic curve over
given by the equation y 2 + a u xy + u 3 y = x 3 . Thus we have a map f :
at the ideal (2, a 1 ) and inverting ∆, the map f induces an isomorphism between the two chain complexes.
Corollary 3.2. The E 2 term of the Adams-Novikov spectral sequence to compute the homotopy of EO 2 is the homology of the Hopf algebroid (A, Λ) completed at the ideal (2, a 1 ) with ∆ inverted.
In the next section we will show that this computation is well known.
Ring spectrum resolutions
Using Bott periodicity we have a map γ : ΩSU (4) → BU . Let T be the resulting Thom complex. As is the case with any ring spectrum we can construct a resolution T
This is acyclic from its definition. The first step in understanding such resolutions is the following version of the Thom isomorphism theorem.
There is a homotopy equivalence T ∧ ΩSU (4) + ∼ = T ∧ T This homotopy equivalence is induced by a map between the base spaces
Here, ∆ is the map which sends x → (x, −x) and µ is the loop space multiplication.
The map in Thom complexes induce by this composite is T ∧ ΩSU (4) + ∼ = T ∧ T . LetT be the cofiber of the unit map. Then T ∧T ∼ = T ∧ ΩSU (4). It is the T * homotopy of ΩSU (4) which describes the T Hopf algebroid. One of the main results of [12] is following. Let b i ∈ H 2i (CP ) be the homology generators. We will identify these classes with their image in H * (ΩSU (4)). Thus
The homotopy classes in π * (T ) which are in the Hurewicz image are multiples of primitive classes. On the other hand the classes b i are not primitive for i > 1. We have:
Thus we can define primitive classes as follows:
This allows us to define homotopy classes
We define additional classes
Then we calculate da i by the following rules:
• compute ∆a i • drop each class of the form x ⊗ 1.
• classes of the form x ⊗ m 1 are written as xs • classes of the form x ⊗ m 2 are written as xr • classes of the form x ⊗ m 3 are written as xt • classes of the form x ⊗ y must have x ∈ Z[a 1 , a 2 , a 3 ]. We write them as xy.
If ΩSU (4) stably split as a wedge of spheres, then T ∧ΩSU (4) would give the free splitting of T ∧ T into a wedge of T 's. This is what A[s, r, t] represents. But ΩSU (4) does not split in this manner. It would be enough if the pieces into which ΩSU (4) does split would be trivial T * modules but that is not true either. The further splitting produces an extra term, a 1 r in the expression for η R a 3 . This gives us:
Thus, we have reproduced the formulas constructed in the previous section from the change of variables formulas. We still need to get the setting where the polynomial algebra Z[a 1 , a 2 , a 3 , a 4 , a 6 ] does represent the homotopy of something.
Let E be any spectrum. If we smash the resolution T with E, we still have an acyclic complex with augmentation E. If we apply homotopy, we get a complex whose homology is the E 2 term of a spectral sequence to compute the homotopy of E. We need a spectrum E so that
]. Hopkins and Miller [7] have constructed a spectrum which almost works. In a latter section a connected version of the HopkinsMiller spectrum eo 2 is constructed. It has the key properties: Theorem 4.3. Let D(A 1 ) be a spectrum whose cohomology, as a module over the Steenrod algebra is free on Sq 2 and Sq 4 . Then localized at 2, eo 2 ∧ D(A 1 ) ∼ = BP 2 . Let X be the spectrum whose cohomology, as a module over the mod 3 Steenrod algebra is free on P 1 , the localized at 3,
An easy calculation gives us the following.
Theorem 4.5. If we apply the functor Ext A(2) ( , Z/2) to the resolution T, we get
where a i has filtration 0. This chain complex will compute Ext A(2) (Z/2, Z/2). In particular, this implies H * (eo 2 , Z/2) A ⊗ A(2) Z/2.
An outline of the calculation
In the rest of this paper we will discuss the homotopy of the spectrum constructed by Hopkins and Miller [7] which they labeled EO 2 . We will also be quite interested in the Hurewicz image in π * (S 0 ). Theorem 5.1. The action of S 2 on E 2 * lifts to an E ∞ ring action of S 2 on E 2 . Furthermore, S 2 has a subgroup of order 24, GL(F 3 , 2). This group can be extended by the Galois group, Z/2. The group of order 48 acts on EO 2 and the homotopy fixed point set of this action defines EO 2 . In addition,
We will take this result as an axiom for the rest of this paper. We will calculate the homotopy of EO 2 in two ways. First we will construct a spectral sequence which untangles the formula EO 2 ∧ D(A 1 ) = E 2 . This is done in the next section. Next we will consider the connected cover of EO 2 and show that it essentially has A ⊗ A(2) Z/2 as its cohomology. We then have an Adams spectral sequence calculation which has been known for about twenty years. This approach allows one to have available a rather large collection of spaces whose EO 2 * homology has been computed. See for example [2] .
These results also give a counter example to the main result of [3] which asserted that A ⊗ A(2) Z/2 could not be the cohomology of a spectrum. The error in that paper can be traced to a homotopy calculation in [4] which was in error. The correction of the appropriate homotopy calculation is done in [9] .
In the last section we discuss homotopy classes in the spheres which can be constructed by this spectrum.
The homotopy of EO 2
Our first calculation of EO 2 * uses the formula
The CW complex D(A 1 ) is constructed by the following lemma where we use the notation M α = S 0 ∪ e |α|+1 . Lemma 6.1. There is a map
Proof. This is a straightforward calculation in π * (S 0 ).
We can use the definition of D(A 1 ) and the formula in (2.1) to construct a spectral sequence. Abstractly, we think of D(A 1 ) as constructed out of three mapping cones, M η , M ν and M γ where γ is defined in the Lemma. Thus we have a contracting homomorphism in P (h 1 , h 2 , h 2,0 ) ⊗ H * (D(A 1 )) with d h 1 = e η , d h 2 = e ν and d h 2,0 = e γ . We will use the defining equation (2.1) to give us a free E 2 resolution. For the moment we want to think of this as an unfiltered but graded object. There is a total differential whose homology is EO 2 * . If we assign filtration 0 to h 1 and v 1 and filtration one to each of h 2 , h 2,0 , v 2 then the corresponding E 1 will be bo * [h 2 , h 2,0 , v 2 ]. If we recognize the bo structure of the set < h 2 , h 2,0 , v 2 > then the corresponding resolution is just the Kozul resolution of [2] , section 5 (page 319ff). Of course, v 2 should be inverted and 2 = v 0 . This gives the following result. Theorem 6.2. There is a spectral sequence with
We will explore this in more detail in latter sections. In particular we will want to understand the differentials.
Using the Adams Novikov differentials from the same starting point we get another spectral sequence. In this case we assign filtration 0 to v 1 and v 2 , filtration 1 to h 1 , h 2 and h 2,0 . We will also work over the integers.
In order to state the answer in a compact form we introduce several homotopy patterns. 
We will break the calculation into several steps introducing various classes one at a time.
Step 1. We first look at just Z[h 2 , h 2,0 ] and apply the h 2 2,0 differential.
. Much of the rest of the calculation is free over h 4 2,0 and we will drop mention of it until we need it again. We can write this calculation pictorially as the following figure. Step 2. Next we want to add h 1 . This amounts to taking the above figure and tensoring it with Z[h 1 ]. We then feed in the differential defined by h 2,0 . This gives us: Step 4. Next we add a copy of the above based on v 2 2 . The starting picture gives: Step 5. Step 6. 
The Adams-Novikov spectral sequence
In this section we will compute the Adams-Novikov differentials and thus calculate the associated graded homotopy of EO 2 . The starting point is the following. We will show latter that it is a d 1 in the usual Adams spectral sequence.
Proposition 8.1. In the Adams-Novikov spectral sequence for EO 2 we have d 5 v 4 2 = h 2 h 4 2,0 . Proof. We begin with a calculation in stable homotopy.
We will first use this lemma to complete the proof of the proposition. We note that h 2 2 h 4 2,0 is the Adams-Novikov name for ν 2κ . By checking the above calculation, we see that η 4 σ = 0 in EO 2 * . Thus the bracket of the lemma must go to zero in EO 2 . Hence the class of h 2 2 h 4 2,0 must be in the indeterminacy of the bracket. It is easy to see that only zero is in the indeterminacy and so h 2 2 h 4 2,0 must project to the zero class. The only way this can happen is for d 5 v 4 2 h 2 = h 2 2 h 4 2,0 . dividing by h 2 gives the proposition. Now we will prove the Lemma. This is essentially an Adams d 1 . First recall that η 4 σ is represented by h 1 h 4 c 0 in the Adams E 2 . In order to form a bracket such as η 4 σ, η, 2ι we need to know why h 2 1 h 4 c 0 = 0. The easiest approach is to use the lambda algebra and the calculations of [15] . We see that λ 2 λ 3 λ 5 λ 7 λ 7 = h 1 h 4 c 0 . Then from [15] we see that λ 8 λ 9 λ 3 λ 3 λ 3 hits λ 1 λ 2 λ 3 λ 5 λ 7 λ 7 . Thus λ 0 λ 8 λ 9 λ 3 λ 3 λ 3 ∈ h 1 h 4 c 0 , h 1 , h 0 . Up to the addition of some boundaries, this is just λ 6 λ 6 λ 5 λ 3 λ 3 λ 3 . This is equivalent to the leading term name of ν 2κ . This completes the proof.
The following figure illustrates this first differential. We place the chart for v 4 2 in filtration 3 so it is easier to see just what is happening. We can collect the result of this computation in the following chart. We have listed some exotic multiplications which we will prove in the rest of this section. We need to establish some of the compositions which are non-zero in this homotopy module. We introduce some notation. We let ι, η, ν, to represent the generators of the 0, 1, and 3 stems. This is consistent with the traditional names of these classes in the homotopy of spheres. The elements in the 8, 14 and 20 stem we will label , κ,κ respectively. For other classes, we will use the symbol a i for an element in the ith stem. The exotic extensions referred to above then are covered by the following proposition. Proof. First note that 2a 27 is just the standard extension which comes from the 3 stem where 4ν = η 3 . Next, the class a 28 = κ. This is a filtration preserving calculation. The definition of forces ∈ ν, 2ν, η . When we multiply this bracket byκ we see that κ = κ, ν, 2ν η. This bracket clearly represents a 27 . Notice that we can not form this latter bracket in spheres but need the differential on v 4 2 in order to form the bracket. In the homotopy of spheres we have the bracket relation ν, κη, η = 2κ. This follows easily from the Adams spectral sequence where there is a d 2 which makes κη 2 = 0. In the usual naming, we have d 2 e 0 = h 2 1 d 0 . We also have h 2 e 0 = h 0 g. This establishes this relationship. Now if we multiply both sides byκ we haveκ ν, κη, η = 2κ. Butκ ν, κη, η = κ, ν, ηκ η. This is the relation we wanted.
Next we want to establish the special ν multiplications. Proposition 8.6. We have the following compositions: νa 25 = a 28 , νa 32 = a 35 , νa 39 = a 42 .
Proof. A bracket construction for a 25 is a 25 = κ, ν, η . If we multiply this on the right by ν we have κ, ν, η ν =κ ν, η, ν =κ = a 28 . In a similar way we see that a 32 = κ, ν, . If we multiply both sides by ν we get κ, ν, ν =κ ν, , ν . But in spheres ν, , ν = ηκ and this gives the relation.
In the above proposition we showed a 39 = κ, ν, ηκ . Multiplying this by ν we have a 39 ν =κ ν, ηκ, ν =κ 2 η 2 and this is the relationship we wanted.
In a very similar fashion we establish the following. We will skip the proof. With these extensions established, the rest of the spectral sequence is quite easy. We have the following theorem. Theorem 8.8. We have the following differentials: 9. The connected cover of EO 2
In this section we will construct the connected cover of EO 2 and get some of its properties. We begin with the following which is proved in [7] .
2 ] Our strategy to construct the the connected cover of EO 2 will be to construct the following map.
With this map we will consider the pull back square as defining the spectrum The first step is the following Lemma. Lemma 9.3. There is a map g :
Proof. We begin with ι :
We recall that there is a short exact sequence
where B(k) is the integral Brown Gitler spectrum [1] and bo k is the bo Brown Gitler spectrum. This sequence is constructed in [5] . The K theory of B(k) is easily computed and it is zero in dimensions of the form 4k − 1. Thus we can proceed by induction starting with the map ι. This constructs one copy of bo into v
To continue with the proof of the Theorem we next construct a map of
which gives the polynomial algebra on v 4 2 . Using the ring structure we have the desired map f of the diagram. This completes the construction of Y.
Next we want to compute the homotopy of Y . The E 2 term of the Adams spectral sequence for Y is Ext A(2) (Z/2, Z/2). This has been calculated by many people. The first calculation is due to Iwai and Shimada [6] . Extensive Ext A(2) (M, Z/2) calculations are given in [2] . We refer the reader there to find the details of the calculation. The answers given there are in a compact form which is quite useful. It is based on the following definition. 
r r r Let this chart be called E 0 . Then the following is proved in [2] . (Actually, the chart in [2] has a dot missing in dimension (30,6).)
We have the following differentials in the chart E 0 . We use the notation g t−s,s to refer to the dot in position (t − s, s). Proof. When translated to more familiar notation this is a consequence of the following Lemma.
Lemma 9.7. In the Adams spectral sequence of Theorem 2.1 the first differential occurs in dimension 12 and hits the class v 4 1 h 2 . Proof. First we need to construct the element. Using the above formulas which are filtration preserving we see that
is a cycle and it generates an v 0 tower in the 12 stem. When we use the filtration increasing part of the differentials we see this class is not a cycle but its boundary is
We can begin to try to complete this into a cycle. The first class we would add is v 3 1 v 2 . The boundary on this class is v
There is nothing we can add to get rid of the v 4 1 h 2 class and this gives the differential of the Lemma.
Using h 2 multiplications we have the following additional differentials.
d 2 g 26,7 = g 25,9
d 2 g 29,7 = g 28,9
d 2 g 28,5 = g 27,7
We have the following d 3 .
Proposition 9.8. d 3 g 24,6 = g 23, 9 .
This differential implies the following in addition. We have the following d 4 . . We wish to collect the result of these differentials. The pattern which is left from the upper left corner of the figure generates a copy of bo starting in dimension (8, 4) . The second pair of Z towers generates a bo in dimension (32, 8) . This second bo uses v 4 1 g 25, 5 and h 1 times this class and the class in dimension (32, 7) which has h 0 none zero on it. The picture looks as follows: 
Some self maps
Let A 1 be the suspension spectrum of one of the complexes whose cohomology is free over A(1), the sub algebra of A generated by Sq 1 and Sq 2 . Let M (i 0 , i 1 ) be the mapping cone of Σ 2i 1 M (2 i 0 ) → M (2 i 0 ) which induces an isomorphism in K-theory. In [4] it is claimed that A 1 and M (1, 4) admitted a self map raising dimension by 48 and inducing an isomorphism in K(2) * . This result is false as the results here have shown. The argument in [4] is correct in showing the following. A (A(1), A(1)). Consider a resolution by Eilenberg-Mac Lane spaces constructed as follows for any suspension spectrum X with the property that there is only one class α ∈ π * (X) which is non-zero in mod 2 homology. We begin with a map f 0 so that the composite
is non-zero. Now we construct a tower inductively. Suppose we have
) and let X s+1 be the fiber. Clearly, f s lifts to give f s+1 .
Each such resolution defines a spectral sequence with
As with the usual Adams spectral sequence we have convergence to the 2-adic completion and we can define E 2 (X, X) as equivalence classes of maps between these resolutions. In this language [4] showed the following result for M (1, 4). A very similar argument works for M (2, 4). Thus the results discussed in [13] , [11] and possibly other places which used the maps of [4] are established in this modified form. We will discuss some of these classes, particularly those of [11] 
the composite along the bottom row is non-zero. M (1, 4) also has a v 32 2 self map and this gives the diagram
The map M 26+192 → EO 2 is essential. Suppose the composite S 16+192 → M 26+192 → M 26 (1, 4) → S 0 was zero. Then M 26+192 /S 16+192 factors through S 0 giving M 26+192 /S 16+192 → S 0 → EO 2 . This map is v 1 -periodic and this contradicts the v 1 -structure of S 0 . Thus v 32 2 η 4 is essential. ηη 4 works the same way and also η 2 η 4 /2.
It is interesting that each extra class in EO 2 detected something in the sphere.
The next place to study is the 47 stem. Here the differential on v 8 2 eliminates homotopy classes which are in the sphere. Similar to Proposition 11.4 we have Proposition 11.6. The classes {e 0 r} and η{e 0 r} are v 2 -periodic. The remaining task is to show all the classes in EO 2 come from the sphere in the above sense. This requires constructing new homotopy classes. These classes are covered by the following propositions.
Proposition 11.10. The class of order 4 represented by {h 5 h 0 i} in the 54 stem is v 32 2 periodic and 2{h 5 h 0 i} =κ{e 2 0 }. Proof. We first note thatκ{e 2 0 } is {e 2 0 g} and this class fits 11.1. This completes the proof since {h 5 h 0 i} must map essentially to EO 2 * .
Proposition 11.11. The class corresponding to {P h 5 h 1 e 0 } is v 32 2 periodic. Proof. In EO 2 * we have ν{h 5 h 0 i} = 0. Since h 2 h 5 h 0 i = h 1 h 5 P e 0 in Ext we are done.
Proposition 11.12. The class in the 65 stem with Adams spectral sequence name P h 5 j maps to a non zero class in EO 2 * . Thus it represents a homotopy class which is v 32 2 periodic. We remark that this is the first class beyond Kochman's calculations that was not covered by 11.1.
Proof. In EO 2 * the Toda bracket κ 3 , η, ν = 0. we can form the bracket in the sphere too and so it must be non-zero there. Since d 4 P G = gz and κ 2 η = {z} we see that κ 3 , η, ν ∈ {h 2 P G} = 0. Thus it has filtration ≥ 12. The only other class of higher filtration not in J * isκ{w} and this is also present in EO 2 * . This gives the result.
Corollary 11.13. The class P h 5 h 0 k in the 63 stem maps to a class in EO 2 * and thus is v 32 2 periodic. Proof. In EO 2 * we have ν κ 3 , η, ν = 0. We also have h 2 P h 5 j = P h 5 h 0 k in Ext. This completes the proof.
We remark that in the E ∞ term of the May spectral sequence the class P h 5 h 0 k is divided by only h 0 . Brunner's calculation of the Ext shows that it is actually divided by h 5 0 . In particular, we have h 5 0 G 21 = P h 5 h 0 k. Proposition 11.14. The bracket ,κ 3 , η is detected in EO 2 * . In the Adams spectral sequence it is in the coset {P 2 G}. In addition η on this class is divisible by 4 which is represented by the bracket κ 3 , ν, 2ν, ν and is in the coset {Q 5 }. We also have η 2 κ 3 , ν, 2ν, ν = 0.
